Abstract. Let A, B be bounded operators on a Banach space with 2πi-congruence-free spectra such that e A e B = e B e A . E. M. E. Wermuth has shown that AB = BA. Ch. Schmoeger later established this result, using inner derivations and, in a second paper, has shown that: for a, b in a complex unital Banach algebra, if the spectrum of a + b is 2πi-congruence-free and e a e b = e a+b = e b e a , then ab = ba (and thus, answering an open problem raised by E. M. E. Wermuth). In this paper we use the holomorphic functional calculus to give alternative simple proofs of both of these results. Moreover, we use the Borel functional calculus to give new proofs of recent results of Ch. Schmoeger concerning normal operator exponentials on a complex Hilbert space, under a weaker hypothesis on the spectra.
Let X be a Banach space and A = B(X) the Banach algebra of all bounded operators on X. For A ∈ A the spectrum of A is denoted by σ(A). We assume that the reader is familiar with the holomorphic functional calculus (see, e.g., [1, Chap. VII] or [2, Chap. 3 
]). We denote by H(A) the algebra of functions holomorphic in a neighborhood of σ(A).
The σ(A) is said to be 2πi-congruence free if σ(A) ∩ σ(A + 2kπi) = ∅ for k = ±1, ±2, . . . .
The following result is due to E. M. E. Wermuth ([8] ). We give here an alternative proof. See also Ch. Schmoeger ( [5] ) for a short proof using inner derivations.
Theorem 1. Let A, B ∈ A. Suppose that σ(A) and σ(B) are 2πi-congruence-free and that e
A e B = e B e A . Then AB = BA.
Proof. Setting T = e B , the hypothesis becomes e A T = T e A . We show that AT = T A. Since σ(A) is compact and 2πi-congruence-free, there is δ > 0 such that with
Now for z ∈ D, the exponential function f (z) = e z is one-to-one holomorphic in D, and therefore has a holomorphic inverse g : e D → D (e.g., [4, Thm. 1033]) such that g(f (z)) = z. At the same time, by the spectral mapping theorem we have 
Again the proof of Theorem 1 implies that SB = BS. Therefore, AB = BA and the proof is complete.
Next, we give an alternative proof of two further results of Schmoeger ([6, Thm.
5(a) and Corollary 2]).

Theorem 3. Let A, B ∈ A. Suppose that σ(A) is 2πi-congruence-free and e
A = e B . Then A ∈ {B} (and so AB = BA).
Proof. Let T be any operator that commutes with B, i.e., T B = BT . Then T f(B) = f (B)T for any f ∈ H(B). In particular, T e B = e B T . As e A = e B , we have T e A = e A T . Now, since σ(A) is 2πi-congruence-free, it follows, as before, that T A = AT . Therefore, A ∈ {B} (the double commutant of B), and so AB = BA.
Corollary 4. Let A, B be bounded self-adjoint operators on a complex Hilbert space. If e
A = e B , then A = B.
Proof. Since σ(A) ⊆ R, σ(A) is automatically 2πi-congruence-free (and so is σ(B)).
By Theorem 3 we have AB = BA. It now follows that I = e A (e B ) −1 = e A e −B = e A−B . Let S = A − B and U = {S} be the abelian C * -algebra generated by self-adjoint operator S. If denotes the Gelfand isomorphism from U onto C(Y ), where Y is the maximal ideal space of U, then (from the continuous functional calculus) we have
Therefore, S = 0, and so A = B.
Now, we turn our attention to normal operator exponentials. Let B(H) be the algebra of all bounded operators on a complex Hilbert space H. Let N ∈ B(H) be a normal operator and let N = λ dE(λ) be its spectral decomposition, where E is the associated spectral measure defined on the Borel subsets of the spectrum of N , σ(N ). We denote by B(σ(N )) the C * -algebra of all bounded Borel measurable complex-valued functions on σ(N ), and by Φ the Commuting normal operator exponentials are studied in a recent paper of Ch. Schmoeger ( [7] ). In [7] , the spectrum σ(N ) is defined to be generalized 2πi-congruence-free if E(σ(N ) ∩ σ(N + 2kπi)) = 0 for all k = 1, 2, . . . .
Note that since E(∅)
Under this hypothesis of generalized 2πi-congruence-free spectra, Ch. Schmoeger proves a series of results concerning normal operator exponentials (see [7, Theorems  1.2, 1.3, 1.4, 1.5]) .
In the sequel, we give new direct proofs of Schmoeger's results under a weaker hypothesis on the spectra. In fact, as it was suggested to the author by the anonymous referee, Schmoeger's definition of generalized 2πi-congruence-free spectrum may be revised in a weaker form that reads as follows: Through the rest of this paper the hypothesis of generalized 2πi-congruence-free spectrum is to be understood in the sense of the above definition.
Theorem 6. Let N, M be bounded normal operators in B(H) and suppose that
Let Ω = ∆\ k =0 (∆ ∩ (∆ + 2kπi)). Then the exponential function f (z) = e z is one-to-one on Ω and E(Ω) = I. If α = sup z∈σ(N ) |e z | and β = sup z∈σ(N ) |z| = r(N ) (the spectral radius of N ), choose z 0 ∈ C such that |z 0 | > α + β and define a functionf on σ(N ) byf
The functionf , so defined, is a bounded Borel function which is one-to-one on σ(N ), and therefore has an inverse function g fromf (σ(N )) to σ(N ) such that g(f (z)) = z. It is easy to see that the direct image underf of any Borel set in σ(N ) is a Borel set, and so g is a (bounded) Borel function onf (σ(N )). At the
Moreover, since σ(e N ) = σ(f (N )) ⊆f (σ(N )) ([3, Prop. 3.6]), no matter how one extends g onf (σ(N )), we have that g ∈ B(σ(e N )) and g(f (λ)) = λ ∀λ ∈ σ(N ). It follows now by, e.g., [3, Prop. 3.7] The following example, which was provided by the anonymous referee, shows that Schmoeger's generalized 2πi-congruence-free hypothesis indeed needs to be relaxed. 
